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ABSTRACT

A ve ry  f as t  me thod  o f  ca l cu l aL ing  t he  co l l i s i on  f r equency  be tween  two  l ow -eccen t r i c i t y
o rb i t i ng  bod ies  has  been  deve loped  f o r  eva lua t i ng  t he  evo lu t i on  o f  Ea r t h  o rb i t i ng  ob jec t s ,
s u c h  a s  s p a c e  d e b r i s .  T h e  r e s u l t  i s  v e r y  a c c u r a t o  a n d  t h e  r e q u i r e d  c o m p u l p r  I  i m e  i s
neg l i g i b l e .  Th i s  me thod  i s  now  app l i ed  u i t hou t  mod i f i ca t i on  t o  ca l cu l a te  t he  co l l i s i on
f requenc ies  f o r  mode ra te l y  and  h i gh l y  eccen t r i c  o rb i t s .  I n  co l l i s i ons  be tween  t he  l l a r t h  and
Ea r th - c ross i ng  bod ies  dev ia t i ons  i n  r esu l t s  a re  no t i ced  when  compared  w i t h  t he  resu l t s
p u b l i s h e d  b y  O p i k ,  S h o e m a k e r  e t  a l . ,  a n d  S t e e l  a n d  B a g g a l e y .  T h e  c a u s e  f o r  s o m e  l a r g e
d e v i a t i o n s  c o m e s  m a i n l y  f r o m  d i f f e r e n t  n r e t h n d s  u s e d  b y  d i f f e r e n t  r e s e a r r h  g r o u p s  i n
c a l c u l a t i n g  t h e  c o l l i s l o n  p r o b a b i l i L l e s  b e t w e e n  o . j e c t s  i n  s i m i l a r  i n c l i n a t i o n s .  T h e  e r r o r s
i n  t he  resu l t s  because  o f  t he  app rox ima t i on  app l i ed  t o  t he  mode ra te l y  and  h i gh l y  eccen t r i c
o rb i t s  a re  r a the r  sma11 .  Fu r t he rmore ,  cons ide r i . ng  t he  t r emendous  compu te r  t ime  saved  and  Lhe
s i m i  l a r  o r d e r  o f  m a g n i t u d e  r e s u l L s ,  t h e  f a s t  m e t h o r l  w i  |  |  b e  o f  g r e a l  v a l u e  i n  c a l c u l a t  i n q  l h e
e v o l u t i o n  o f  m i l l i o n s  o f  o b j e c t s  c i r c u l a t i n g  a r o u n d  a  m a s s i v e  c e n t r a l  a t t r a c t o r .

INTRODUCTION

T h e  c a l c u l a t i o n  o f  t h e  c o l l i s i o n  p r o b a b i l i t y  b e t w e e n  t w o  o b j e c t s  o r b l t i n g  a r o u n d  a  m a s s i v e
c e n t r a l  a t t r a c t o r ,  i n i t i a t e d  b y  O p i k  / I / ,  h a s  b e e n  e x t e n s i v e l y  e l a b o r a L e d  / 2 , 3 , 4 / .  T n
g e n e r a l ,  t h e  c o m p u t a t i o n  t i m e  f o r  t h e  c o l l i s i o n  i n t e g r a l  u s e d  i n  a l 1  m e t h o d s  i s  e n o r m o u s .  I n
L h i s  r e p o r t ,  a  n e w  c a l c u l a t i o n a l  p r o c e d u r e  i s  p r e s e n t e d .  T h i s  i s  b a s e d  o n  e x p a n s i o n  o f  t h e
r e l a t i v e  c o l l i s i o n  v e l o c i t y  o f  t h e  o r b i t i n g  o b j e c t s  i n  t e r m s  o f  o r b i t a l  e c c e n t r i c i t y  u n d e r
t h e  a s s u m p t i o n  t h a t  t h e  o r b i t s  h a v e  s m a l  I  e c r  e n t  r i c i t  i e s .  T h e  c o l  I  i s i o n  p r o b a b i l i t y  i n t e q r a l
i s  t h e n  e x p l i c i t l y  i n t e g r a t e d  f o r  a  f e w  d i s c r e t e  o r b i t a l  p a r a m e t e r s  s o  t h a t  t a b l e s  a r e
g e n e r a t e d  f o r  s u b s e q u e n t  i n t e r p o l a t  i o n  ( o r  e x t r a p o l a t  i o n )  l o  ,  o v e r  t h e  w h o l e  r a n e e  o l  o r h i t a l
p a r a m e t e r s .  A l t h o u g h  t h e  c a l c u l a t i o n  p r o c e d u r e  i s  s t r i c t l v  v a l i d  o n l v  f o r  l o w  e . ( e n t r i c i t y
o r b i t s ,  i t  w i l l  b e  a p p l i e d  w i t h o u f  m o d i f i c a t i o n  t o  ' a l e u l e l e  t h e  c o l l i s i o n  l , r o b a b i l i t i e s
b e t w e e n  o r b i t i n g  o b j e c t s  o f  a l l  e c c e n t r i c i t i e s .

ANALYS I  S

F o l l o w l n g  K e s s l e r ' s  a p p r o a c h  / 4 / ,  t n e  a v e r a g c  n r r m b e r  o f  c o l l i s i o n s  N  p e r  t i m e  a t  b e t w e e n  t w o
s m a l l  o r b i t  i n g  o b j e c t s  i s  g i v e n  b y

N , / a r  =  e  J J t ,  s ?  v r ( 2  r r  R 2  c o s p  d e  d R ) ,

s j =  I  / { 2 ' r ' u , i R [ ( c j  -  n l l n  -  c , ) ( s i n ' l - -

H e r e  t h e  s u b s c r i p t  j  d e n o t e s  e i t h e r  t h e  o r b i t  i n g  o b j e c t  I  u r  2 .  I h e  s p a t  i a l  d e n s i t v ,  S ,  i s
r e l a t e d  t o  t h e  o b j e c t ' s  o r b i t a l  e l e m e n t s  l ,  q ' ,  q ,  a n d  i  ( t h e  s e m i - m a j o r  a x i s ,  t h e
a p o c e n L r o n ,  L h e  p e r i c e n t r o n  a n d  t h e  i n c l i n a t i o n ,  r e s p e c l  i v e l y ) .  N o t e  t h a t  f h e  a v e r a g e
c o l l i s i o n  c r o s s - s e c t i o n  f o r  t h e  t w o  c o l l i d i n g  o b j e c t s ,  q  ( w h i c h  i n c l u d e s  t h e  g r a v i t a t i o n a l
c ^ ^ . . ^ ^ l - ^  ^ t t ^ ^ r \  L ^ .r u L u D - r , , 8  c ! ! c L L / , , , o s  b e e e n  t a k e n  o u t  o f  t h e  i n t e g r a l  i n  e q u a t l o n  ( 1 ) .  \ r , -  1 s  t h e  r e l a t i v e
r - a l n n i t '  h o t , . o o n  t \ o  r ' ^  .  r r ^ ^ ' ^  R  a n d  D  a r e -  r e s n e c l  i v e l r  l h e  r a d i a l  d i s t a n C er c f u L r L j  u , u ' 1 i l r t s  u u j r ( L r  "  ' J ,  ! i ' r

a n d  t h e  l a l i t u d e  a n p l e  o f  t h e  o r h i t i n p  o b i e c t  w i t h  t h e  m a s s i v e  c e n t r a l  a t t r a c t o r  a t  t h e
^ - - r ^ -  ^ r  ^  - ^ r ^ - ^ - ^ ^  c o o r d i n a f c  q v s t c n -  T h e  v o l u m c  i n l e p r a l  c o v e r s  a l l  t h e . ^ n n o a  c D a . eI  g l l  L  E f  u !

a c c e s s i b l e  t o  b o t h  o b j e c t s .  T h u s  t h e  s p a c e  o f  i n t e g r a t i o n  i s  c o n f i n e d  b e t w e e n  q l ; .  )  R  )
Q y . 1 ,  a r l d  i q i n  )  e  >  0 .  T h e  s u b s c r i p l s  m a x  a n d  m j n  d e n o t e ,  r e s p e c r i v e l y ,  t h e  m a x i m u n r  a n d
the  m ln imum o f  t he  o rb i t a l  e l emen ts  o f  t he  two  ob jec t s  cons ide red .  I t  i s  no t i ced  t ha t
e q u a t i o n  ( 1 )  b e c o m e s  i m p r o p e r  w h e n  e i L h e r  q '  =  q '  ,  o r  Q ,  =  Q 2  ,  o r  i ,  =  i z ,  o r  - 1 ,  =  1 8 0 - -
i 2  f o r  n o n - v a n i s h i n g  F  a n d  V r  T h e s e  s i n g u l a r i L i e s  h a v e  b e e n  p o i n t e d  o u t  a n d  b e e n  r e m o v e d
by  us l ng  d i s t r l bu ted  o rb i t a l  e l emen ts  by  We the r i l l  / 2 /  and  Su  / 5 / .

( 1 )

s i n ' 6 l l ' 1 ,  i = t , 2 .  1 2 )
\ - J
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T h e  c o l l i s i o n  p r o b a b i l i t y  i n t e g r a l  i n  e q u a t i o n  ( 1 )  c a n  o n l y  b e  l n t e g r a t e d  a n a l i t j c a l l l  w h e n
the  two  o rb i t s  a re  c i r cu l a r  and  have  i den t i ca l  i n c l i na t i on .  Fo r  a l l  o t he r  cases ,  numer i ca l
i n t eg ra t i on  i s  needed .  Because  o f  t he  l a rge  common  space  cove red  by  t he  two  o rb i t s ,  eno rmous
compu ta t i on  t ime  j s  r equ i r ed ,  The  compu ta t i on  t ime  g rows  as  Lhe  squa re  o f  t he  nu rnbe r  o f  t he
o r b i t i n g  o b j e c t s  i n v o l v e d .  H o w e v e r ,  w h e n  t h e  o r b i t s  h a v e  v e r y  s m a l l  e c c e n f r i c i r  i e s ,  e q u a r r o n
( 1 )  c a n  b e  a p p r o x i m a t - e d  b y  e x p a n d i n g  c h e  r e l a L i v e  v e l o c i t y  V  i n  L e r m s  o I  t h e  o r b i t . a ]
e c c e n t r i c i L y  a s  a  s m a l l  p a r a m e l e r  a n d  e q u a t j o n  ( l )  c a n  b e  g r e a L l y  s i m p l i f i e d ,

T h r r s  f o r  c v e r v  n r h i l  a q q r r m i n o  l h a t  f h o  a . . ^ h t  F ; - i r "  i -  - h ^ 1 1- . . -  . . . c r r L r r L r L y  r s  s r r a r f  ,  r h e  o r b i t a l  v e l o c i f  ; .  \ '  r s

f i r s t  e x p a n d e d  i n  t e r m s  o f  e c c e n t r i . c i t y  a n d  t h e  r e s u l L i n g  r e l a L i v e  v e l o c i t y  i s  t h e n  a v e r a g e d
ove r  t he  en t i r e  o rb i t s  o f  t he  t he  two  co l l i d i ng  ob jec t s .  The  re l a t i ve  ve loc i t y  i s  t hen
r e d u c e d  t o

2  z  . _ r / zV ,  =  [  V c r  1  V . z  -  2  V c t  V c z c o s (  a < ,  -  a < z ) ] '

w h e r e  c o s  c ( - =  c o s  i 1 / c o s p  ,  j  =  l ,  2 .

( 3 )

T h e  v e l o c i t y  V c j  i s  t h e  c i r c u l a r  v e l o c i t y  o f  t h e  o b j e c t . i  b a s e d  o n  i t s  s e m i - m a j o r  a x i s ,  I t
shou ld  be  no ted  t ha t  t he  f i r s t  o rde r  t e rm  i n  eccen t r i c i t y  d i sappea rs  a f t e r  t he  ave rag lng
p r o ( e s s  a n d  a l l  t e r m s  h i g h e r  t h a n  s e c o n d  o r d e r  a r e  i g n o r e d  c o m p l e t e l v  i n  e q u a t  i o n  ( j ) .
Thus ,  we  have  t o  keep  i n  m lnd  t ha t  e r ro r s  can  apppea r  i n  t he  co l l i s i on  f r equency  i n  t he  case
w h e n  a  t  = . a a  ,  a n d  i ,  =  i ,  r e s u l t i n g  i n  a  v a n i s h i n g  V r  i n  e q u a t i o n  ( 3 ) .  S u b s t i t u t i n g
e q u a t i o n  ( 3 )  i n t o  e q u a t i o n  ( 1 ) ,  t h e  c o l l i s i o n  p r o b a b i l i t y  i n t e g r a l  b e c o m e s

w i t h

-lt = a V, L, 
+ o,/a,i6, 

,
At t1s a, a,  ,

(, {^,- f ,^,) ( fr',n- f^,,))h

( 4 )

K ( A ) ( e )

c t 7 t 3 2  Q . 2

o . o 2 t t 7  Q ' )  / "  *  ( 6 )

( 7 )

( 8 )

( r o )

?x :

K ( Q  ) g  t . e 7 o 7 E  -  0 . 2 9 7 0 1  8 .  +  o .

+ ( 0 . 6 3 o 2 t - o . t 7 ? o 8 8 +

G . - f ^ ,^ ) (f * , n ' f ^ u )

(J*'^, - f-^, ) ( x*',, - {*,^ )
t 2\  o x a x

Y = +( Y + + Y ' ) ,

2  (  Q , 4 ,  ) r t

A , +  A z

i

y* = J^'Jg:t {,
o  ( s i i t t -  d F , ( ? )

A =

The  f unc t i on  K  wh i ch  appea rs  l n  equa t i on  (5 )  i s  t he  comp le te  e l l i p t i c  i n t eg ra l  o f  t he  f i r s t
k l nd .  Fo r  qu i ck  r e fe rence ,  t he  po l ynom la l  app rox ima t i on  o f  t he  f unc t i on  K  f r om the  Handbook
o f  Ma thema t i ca l  Func r i ons  / 6 /  i s  r epen ted  i n  equa t i on  (6 ) .

The  f ou r  s i ngu la r i t i e s  ex i s t ed  i n  equa t i on  (1 )  a re  s t i l l  p resen ted  i n  equa r i on  (4 )  ( two  rn
func t l on  X  and  two  i n  f unc t i on  Y ) .  To  ob ta i n  f i n i t e  co l l i s i on  p robab i l i t i e s  be tween  rwo
ob i t a l  ob j ec t s ,  ue  can  f j r s t  numer l ca l l y  i n t eg ra te  i n t eg ra l  Y ,  gene ra t i ng  t ab les  f o r
s u b s e q u e n t  i n t e r p o l a t r o n  o f  t h e  f u n c t i o n  Y  f o r  o t h e r  a t s  a n d  i t s ,  T h i s  i s  e s p e c i a l l v  u s e f u l -



Col l is ion Frequencies

Table l(a)-(c). Angie Integral of the Coll ision Probabil i ty Integral (Value of Y in f t .9)
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5268.7r '
12 .69  26 .86 '
6 .37  6 .85  15 .06 ' �
4 . 2 7  4 . 4 t  4 . 9 8  1 0 . 8 5 '
3 . 2 3  3 . 3 0  3 . 5 1  4 . 0 3  8 . 7 2 '
2 . 6 2  2 . 6 5  2 . 7 6  2 . 9 9  3 . 4 8  7 . 4 8 '

2(a,a") /(a'+a")=0,99

2 . 2 t  ? . 2 4  2 . 3 0  2 . 4 3  2 . 6 7  3 . 1 3  6 . 7 2 '
1 . 9 3  1 . 9 5  1 . 9 9  2 . 0 8  2 . 2 2  2 . 4 6  2 . 9 1  6 . 2 6 '
t . 7 ?  1 . 7 3  i . 7 7  1 . 8 3  1 . 9 3  2 . 0 8  2 . 3 2  2 . 1 8  6 . 0 1 '
1 . 5 7  1 . 5 8  1 . 6 1  1 . 6 6  1 . 7 3  1 . 8 4  2 . 0 0  2 . 2 6  2 . 7 3  6 . 0 1 '
1 . 4 5  1 . 4 6  1 . 4 8  1 . 5 2  1 . 5 8  1 . 6 7  1 . 8 0  1 . 9 8  2 . ? 9 ' 2 . 7 3  6 . 0 1 '
1 . 3 6  1 . 3 6  1 . 3 8  t . 4 2  1 . 4 7  1 . 5 5  1 . 6 6  2 . 3 6 ' 1 . 9 8  2 . 2 6  2 . 7 8  6 . 2 6 '
1 . 2 9  1 . 2 9  1 . 3 1  1 . 3 4  1 , 3 9  1 . 4 7  2 . 1 6 - 1 . 6 6  1 . 8 0  2 . 0 0  2 . 3 2  2 . 9 L  6 . 7 2 '
1 . 2 3  r . 2 4  r . 2 6  1 . 2 9  1 . 3 5  2 . 0 9 ' 1 . 4 7  1 . 5 5  1 . 6 ?  1 . & t  2 . 0 8  2 . 4 6  3 . 1 3  7 . 4 8 ' �
1 . 2 0  1 . 2 1  1 . 2 3  1 . 2 7  2 . 1 2 ' 1 . 3 5  1 . 3 9  1 . 4 7  1 . 5 8  1 . 7 3  1 . 9 3  2 . 2 2  2 . 6 7  3 . 4 8  8 . 7 2 '
1 . 1 8  1 . 1 9  1 . 2 3  2 . 3 0 ' t . 2 7  1 . 2 9  1 . 3 4  1 . 4 2  1 . 5 2  1 . 6 6  1 . 8 3  2 . 0 8  2 . 4 3  2 . 9 9  4 . 0 3  1 0 . 8 5 '
l . 2 l  t . 2 4  2 . 7 1 '  1 . 2 3  1 . 2 3  1 . 2 5  1 . 3 1  1 . 3 8  1 . 4 8  l . 6 1  1 . 7 7  1 . 9 9  2 . 3 0  2 . 7 6  3 . 5 1  { . 9 8  1 5 . 0 6 '
1 . 4 2  4 . 3 1 '  1 . 2 4  l . 1 9  1 . 2 1  t . 2 4  1 . 2 9  1 . 3 6  i . 4 6  1 . 5 8  1 . 7 3  1 . 9 5  2 . 2 4  2 . 6 5  3 . 3 0  4 . 4 1  6 . 8 5  2 6 . 8 6 '

3 7 2 . U ' �  t . 4 2  l . 2 1  1 . l B  1 . 2 0  1 . 2 3  1 . 2 9  1 . 3 6  1 . 4 5  1 . 5 7  1 . 7 2  1 . 9 3  2 . 2 1 2 . 6 2 3 . 2 3  4 . 2 7  6 . 3 7  1 2 . 6 9  5 2 6 8 . ? 1 '

60 80 100 t20

i '  ( Incl ination of 0bject l ,  degree)

5242.  l6 '
1 2 . 6 3  2 6 . 7 2 '
6 . 3 4  6 . 8 2  1 4 . 9 9 '
4 . 2 5  4 . 3 9  4 . 9 s  i 0 . 7 9 '
3 . 2 2  3 . 2 8  3 . 4 9  4 . 0 2  8 . 6 8 '
2 . 6 1  2 . 6 4  2 . 7 5  2 . 9 8  3 . 4 6  7 . 4 4 ' �
2 . 2 t  2 . 2 3  2 . 3 0  2 . 4 3  2 . 6 6  3 . 1 2  6 . 6 9 '

( b )

1 . 9 3  1 . 9 4  1 . 9 9  2 . 0 8  2 . 2 2  2 . 4 5  2 . 9 0  6 . 2 4 '
t . 1 2  l . ? 3  1 . 7 7  i . 8 3  1 . 9 3  2 . 0 8  2 . 3 3  2 . 7 8  6 . 0 1 '
1 . s 7  l . s 8  i . 6 l  r . 6 6  r . 7 3  1 . 8 s  2 . 0 1  2 . 2 8  2 . 7 7  6 . 4 3 '
1 . 4 5  1 . 4 5  1 . 4 8  i . 5 3  1 . 5 9  1 . 5 8  1 . 8 2  2 . 0 3  3 . 2 3 ' 2 . 7 ?  6 . 0 1 '
1 . 3 6  1 . 3 7  1 . 3 9  1 . 4 3  1 . 4 9  l . s 7  1 . 7 1  2 . 8 3 ' 2 . 0 3  2 . 2 8  2 . ' � t B  6 . 2 4 '
1 . 3 0  1 . 3 1  1 . 3 3  1 . 3 6  t . 4 2  1 . 5 2  2 . 6 8 ' 1 . 7 1  1 . 8 2  2 . 0 1  2 . 3 3  2 . S 0  6 . 6 9 '
1 . 2 6  1 . 2 6  1 . 2 9  1 . 3 3  1 . 4 1  2 . 6 7 ' 1 . 5 2  1 . 5 7  1 . 6 8  1 . 8 5  2 . 0 8  2 . 4 5  3 . 1 2  7 . 4 4 '
t . 2 4  1 . 2 5  1 . 2 8  1 . 3 5  2 . 8 2 ' � 1 . 4 1  1 . 4 2  1 . 4 9  1 . 5 9  1 . 7 3  r . 9 3  2 . 2 2  2 . 6 6  3 . 4 6  8 . 6 8 '
1 . 2 5  t . 2 7  1 . 3 5  3 . 2 0 ' 1 . 3 5  1 . 3 3  1 . 3 6  l . d 3  1 . 5 3  1 . 6 6  1 . 8 3  2 . 0 8  2 . 4 3  2 . 9 8  4 . 0 2  1 0 . 7 9 '
1 . 3 6  1 . 4 3  { . 0 8 '  1 . 3 5  1 . 2 8  1 . 2 9  1 . 3 3  1 . 3 9  1 . 4 8  1 . 6 1  1 . 7 7  1 . 9 9  2 . 3 0  2 . 7 5  3 . 4 9  4 . 9 5  1 4 . 9 9 '
1 . 9 1  6 . 8 9 '  t . 4 3  1 . 2 7  1 . 2 5  1 . 2 6  1 . 3 1  1 . 3 ?  1 . 4 6  1 . 5 8  1 . 7 3  1 . 9 4  2 . 2 3 2 . 6 4  3 . 2 8  4 . 3 9  6 . 8 2 2 6 . 7 2 '

6 4 5 . 7 7 '  1 . 9 1  1 . 3 5  r . 2 5  1 . 2 4  1 . 2 6  1 . 3 0  1 . 3 6  r . 4 5  1 . 5 7  l . ? 2  1 . 9 3  2 . 2 1  2 . 6 1  3 . ? ?  { . 2 5  6 . 3 {  1 2 . 6 3
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i, ( Incl ination of Object 1, degree)

5215.48 '
1 2 . 5 6  2 6 . 5 9 '
6 . 3 1  6 . 7 9  1 4 . 9 1 '
4 . 2 3  4 . 3 7  4 . 9 3  1 0 . 7 4 '

( c )
3 . 2 t  3 . 2 ?  3 . 4 8  4 . 0 0  8 . 6 3 ' �
2 . 6 0  2 . 6 3  2 . 7 4  2 . 9 7  3 . 4 5  7 . 4 1 "
2 . 2 0  2 . 2 2  2 . 2 9  2 . 4 2  2 . 6 5  3 . l t  6 . 6 6 '
1 . 9 2  1 . 9 4  1 . 9 8  2 . 0 7  2 . 2 t  2 . 4 5  2 . 9 0  6 . 2 2 '
t . 1 2  1 . 7 3  t . 7 7  1 . 8 3  1 . 9 3  2 . 0 8  2 . 3 3  2 . ? 9  6 . 0 0 '
1 . 5 ?  1 . 5 8  1 . 6 1  i . 6 6  1 . 7 4  1 . 8 5  2 . 0 2  2 . 2 9  2 . 8 0  6 . 7 3 '
1 . 4 5  i . 4 6  1 . 4 9  1 . 5 3  1 . 6 0  1 . 6 9  1 . 8 3  2 . 0 6  3 . 5 5 ' 2 . 8 0  6 . 0 0 '
1 . 3 ?  1 . 3 8  1 . 4 0  1 . 4 4  1 . 5 0  1 . 6 0  1 . 7 5  3 . 1 6 ' 2 . 0 6  2 . ? 9  2 . 7 5  6 . 2 2 '
1 . 3 1  L 3 2  1 . 3 4  1 . 3 8  1 . 4 5  1 . 5 7  3 . 0 4 ' 1 . 7 5  1 . 8 3  2 . 0 2 2 . 3 3  2 . 9 0  6 . 6 5 '
1 . 2 8  1 . 2 9  1 . 3 1  1 . 3 6  1 . 4 7  3 . 0 9 . 1 . 5 7  1 . 6 0  1 . 6 9  1 . 8 5  2 . 0 8  2 . 4 5  3 . l l  7 . 4 1 .
1 . 2 7  1 . 2 8  1 . 3 3  i . 4 2  3 . 3 1 ' 1 . 4 ?  1 . 4 5  1 . 5 0  1 . 6 0  1 . 7 4  1 . 9 3  2 . 2 t  2 . 6 5  3 . 4 5  8 . 6 3 '
1 . 3 2  1 . 3 4  1 . 4 4  3 . 8 4 ' � 1 . 4 2  1 . 3 6  1 . 3 8  1 . 4 4  1 . 5 3  1 . 6 6  1 . 8 3  2 . 0 7  2 . 4 2 2 . 9 7  4 . 0 0  1 0 . ? 4 '
1 . 5 0  1 . 5 9  5 . 0 2 '  1 . 4 4  r . 3 3  l . 3 l  1 . 3 4  1 . { 0  1 . 4 9  1 . 6 1  l . ? ?  1 . 9 8  2 . 2 9  2 . 7 4  3 . 4 8  4 . 9 3  1 4 . 9 1 '
? . 2 9  8 . 7 0 ' 1 . 5 9  1 . 3 4  1 . 2 8  1 . 2 9  1 . 3 2  1 . 3 8  1 . 4 6  1 . 5 8  l . ? 3  1 . 9 4  2 . 2 2 2 . 6 3 3 . 2 7  4 . s 7  6 . 7 9  2 6 . s 9 '

8 3 3 . 6 8 '  2 . 2 9  1 . 5 0  1 . 3 2  t . 2 7  t , 2 8  1 . 3 1  1 . 3 7  1 . 4 5  1 . 5 7  t . 7 2  t . 9 2  2 . 2 0  2 . 6 0  3 . 2 1  4 . 2 3  6 . 3 1  1 2 . 5 6  5 2 1 5 . 4 8 '

i' (Inclination of Object l, degree)

t Due to siruulari t iss at i ,+i"=180' ,  these entr is assuro ir+ir=179.9"
+ Due to signulari t iss at ir=ir,  these entr ias dssu!8 ir : i r-1x10-'

( a )

2 (a ,ao )  / ( a ,+a " )=0 .97

2(a ,a" )  / (a ,+a , )=0 .95

180

160

140

120

100

80

60

{0

20

0
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when the rnutual  col l is ion probabi l i ty  between
ca l cu la ted .  As  a  s imp le  i l l u s t r a t i on ,  va l ues
a r e  t a b u l a t e d  i n  T a b l e  1 ( a )  t h r o u g h  1 ( c )  f o r
r espec t i ve l y .  Because  t he  va lue  o f  Y  becomes
i r  =  i - r  f o r  A  (  1 ,  t h e  e n t r y  o f  Y  a t  i ,  *  i 2
= 1 , 7 9 . 9 ' a n d  t h e  e n t r y  a t  i t  =  i u  b y  t h e  v a l u e

thousands  o f  o rb i t i ng  ob jec t s  i s  t o  be
o f  Y  f o r  d i f f e ren t  co rnb ina t i ons  o f  i ,  and  i ,

t h e  s p e c i a l  c a s e s  o f  A  =  0 . 9 9 ,  0 . 9 7 ,  a n d  0 . 9 5 ,
i n f i l i t e  a t  i ,  =  1 8 0 "  -  i .  f o r  a 1 l  A ' s  a n d  a t

=  180 -  i s  r ep laced  by  t he  va lue  o f  Y  a t  i ,  +  i ,
a t  i ,  =  i z  -  0 . 0001  f o r  i n t e rpo la t i on  pu rposes .

APPLICATION TO THE EARTH_CROSSING OBJECTS

The  co l l i s i on  p robab i l i t y  be tween  t he  Ea r t h  and  an  Ea r th - c ross i ng  body  can  now  be  read i l y
ca l cu l a ted  f r om equa t i on  (4 )  w i t h  a i ds  o f  equa t i ons  (5 )  and  (6 )  and  Tab les  1 (a )  r h rough  1 ( c ) .

T a b l e  2 .  C o l l i s i o n  P r o b a b i l i t i c s  o f  A t e n  a n d  A p 0 1 I 0  A s t e r o i d s
w i t h  t h e  E a r t h

A p o l I o  A s t e r o i d s
1 9 8 3 T 8  1 . 2 7 1 5
I c a r u s  1 . 0 7 7 9
H e p h a i . s t o s  2 . 1 6 3 7
1 9 7 4 | t A  r . 7 7 5 2
A d o n i s  I  8 7 4 9
1 9 7 2 T 4  2 . 3 0 3 0
D a e d a l u s  1 . 4 6 0 9
C e r b e r u s  1 . 0 8 0 1
H e r l e s  1 . 6 3 9 3
( 1 9 3 7  U B )
l { i d a s  1 . 7 7 5 9
l 9 7 4 X C  2 . 1 7 3 4
1 9 8 1 V 4  2 . 4 6 0 0
A p o i I o  L 4 7 1 2
1 9 7 9 ) ( 8  2 . 2 6 2 4
B a c c h u s  1 . 0 ? 7 6
1 S 8 3 L C  2 . 6 3 1 6
T o r o  1 . 3 6 7 2
A r i s t a e u s  1 . 5 9 9 6
6 i 4 3 P - L  1 . 6 8 0 5
1 9 8 3 V 4  2 . 6 1 4 3
l 9 8 2 H R  1 . 2 1 0 0
0 r t h o s  2 . 4 0 4 2
1 9 8 3 T F 2  1 . 3 4 2 8
C e o g r a p h o s  i . 2 4 4 6
S i s y p h u s  1 . 8 9 3 0
1 9 7 3 N 4  2 . 4 2 1 2
r 9 7 8 C A  l .  1 2 4 8
A n t  i n o u s  2 . ? 6 0 2
T a n t a l u s  1 . 2 9 0 0
1 9 8 2 8 8  1 . 4 0 7 0
6 3 4 4 P - L  2 . 6 1 8 6
l 9 8 2 D B  1 . 4 8 9 3
t 9 7 9 V A  2 . 6 3 5 4
1 9 5 0 D A  ] .  6 8 3 4

0 . 8 9 0 3  2 2 . 0 4
0 . 8 2 6 8  2 2 . 9 1
0 . 8 3 5 1  1 1 . 8 9
0 . 7 6 2 0  3 7 . 7 9
0 .  7 6 3 8  1 . 3 6
0 . 7 7 1 0  1 2 . r 2
0 . 6 1 4 8  2 2 . 1 6
0 . 4 6 6 9  1 6 . 0 9
0 . 6 2 3 6  6 . 2 2

0 . 6 4 9 9  3 9 . 8 4
0 . 7 1 1 8  2 . 5 2
0 .  7 4 3 9  2 2 . 0 2
0 . 5 6 0 0  6 .  3 5
0 . 7 1 3 3  2 4 . 8 7
0 . 3 4 9 5  9 . 4 2
0 . 7 0 9 2  r . 5 2
0 . 4 3 5 9  9 . 3 7
0 . 5 0 3 7  2 3 . 0 4
0 . 5 2 3 7  7 . 9 0
0 . 6 9 2 5  1 6 . 2 5
0 . 3 2 2 1  2 . 6 9
0 . 6 5 8 6  2 4 . 3 9
0 .  3 8 7  I  7 .  8 4
0 . 3 3 5 5  1 3 . 3 2
0 . 5 3 9 4  4 1 . 1 5
0 . 6 3 8 1  6 8 . 0 0
0 . 2 1 4 8  2 6 . 1 2
0 . 6 0 6 5  1 8 . 4 2
0 . 2 9 8 4  6 4 . 0 2
0 .  3 5 4 8  2 0 .  9 4
0 . 6 4 1 i  4 . 6 5
0 . 3 6 0 2  t . 4 2
0 . 6 2 7 3  2 . 7 8
0 . 5 0 2 0  1 2 . 1 5

i .  3 8  0 . 4 3
t . 7 7  0 . 6 5
1 . 0 5  0 . 7 6
0 . 5 6  0 . 3 1

1 1 . 5 3  3 7 . 6 8 '
0 . 9 9  1 . 0 4
1 . 2 1  0 . 5 8
3 . i 4  1 . 3 1
3 . 5 0  ? 1 . 2 0 ' �

0  .  6 5  0 .  4 1
5 . 3 ?  6 3 . 3 0 '
0 . 5 6  0 . 4 2
4 . 3 0  2 4 . r 0 '
0 . 6 0  0 . 3 9
6 . 6 9  2 . 4 3
7 . 5 4  1 5 8 . 8 i ' �
4 . 2 ?  8 . 9 1
r . 4 4  0 . 8 0
3 . 4 6  2 3 . 6 0 '
0 . 8 2  1 . 5 6

2 3 . 8 2  3 3 . 0 3 ' �
0 .  7  t  0 .  6 0
6 . 0 9  3 0 . 3 3 '
4 . 4 9  2 . 1 5
0 . 9 6  0 . 6 7
0 . 6 1  0 . 4 5
4 . 4 5  3 . 1 3
1 . 2 1  1 . 2 9
2 . 5 0  2 . 1 3
3 . 0 9  1 .  8 5
4 . 7 2  2 4 4 . 1 8 '

6 3 . 2 5  2 7 3 . 5 1 '
i 6 . ? 1  9 6 5 . 3 6 ' �
2 . 5 3  1 . 8 7

1 . 6 2 . 0

1 . 0
2 . 5
2 . 2

3 . 8

1 . 6
3 . 1
3 . 7

0 . 1

1 . 5

L a r g e  d i f f e r e n c i e s  i n  t h e s e  C o I l r s i o n  p r o b a b t l l t l e s  b e t r r e e n  S B  a n d
t h e  c u r r e n t  n e t h o d  c o n e  f r 0 o  t h e  e x i s t e n c e  0 f  t h e  s i n g u l a r i t y  i n
t h e  c o l l i s i o n  i n t e g v a l  i n  e q u a t l 0 n  ( l )  c o n s i d e r e d  r n  t h e  c u r r e n t
n e t h o d  a n d  i g n o r e d  b y  S B .

E L EI.I  ENTS
a ( A U )  e

C ( ] L L I S I O N
( d e g )  (  o p i k  )

P R O B A L I  L I T Y  P E R  1 O '  Y E A R S
(  S I i H l {  )  (  S B  )  ( t h l s  p a p e r )

A t e n  A s t e r o i d s
H a t h o r  0 . 8 4 3 9  0 . 4 4 9 8
R a - S h a l o n  0 . 8 3 2 1  0 . 4 3 6 4
A t e n  0 . 9 6 6 5  0 . 1 8 2 6
l 9 5 4 X A  0 . 1 7 7 2  0 . 3 4 5 4

5 .  8 6
1 5 . 7 6
1 8 . 9 4
s . 9 3

1 4  1 4 . 7 1  2 0 . 4 9 .
6 . 7  6 . 1 1  3 . I 9
6 . 4  8 . 0 1  5 . 0 5

5 9 . 8 5  2 1 0 . 2 0 .
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L a g r a n g r a n  i n t e r p o l a t i o n  ( a n d  e x t r a p o l a t i o n )  i s  u s e d  t o  o b t a i n  t h e  Y  f u n c t i o n  f r o m  T a b l e s
1 ( a )  t h r o u g h  I ( c ) .  A l r h o r r g h  t h e  v a l u e  A  m a v  1 i e  f a r  o u f s i d e  t h e  r a n g e  o f  r h e  v a l u e s  o f  A  i n
t h (  t a b l e s ,  t h e  e x L r a p o l 2 l  i n n  i s  i t  i  I  i  a p p l  i e d .  T h e  r e a s o n  f o r  s u c h  a n  a p p r o a c h  j s  b a s e d  o n
L h e  o b s e r v a t i o n  t h a L  L h e  v a l u e  o I  I ' r l o e s  n o I  c h a n g e  t o o  d r a s l  i c a i l v  u h e n  e q u t i o n  ( 6 )  b e h a v e s
p r o p e r l v .  H o u e v e r ,  f o r  o r b i t a l  e l e m e n t s  t h a t  f a 1 1  n e a r  l h e  s i n g u l a r i t i e s  l n  t h e  t a b l e s ,
l a r g e  c o l l i s i o n  p r o b a b i l i L i e s  r ' ' i 1 1  r e s u l t  a n d  t h e  r e s u l t  s h o u l d  b e  t r e a t e d  w i t h  c a r e .

T a b l e  2  1 l s t s  t h e  r e s u l t s  o f  t h e  c o l l i s j o n  f r e q u e n c i e s  b e t w e e n  t h e  E a r t - h  a n d  t h e  E a r t h -
c r o s s i n g  b o d i e s  o b t a i n e d  b 1  O J r i k ,  S h o e m a k e r  e t  a l . ,  S t e e l  a n d  B a g g a l e y  / 7 /  a n d  t h e  c u r r e n t
n e f h n d .  1 t  a  f i r s '  c l . r r r e - , , n t r  n . r v  l h i n k  l h r t  e x r r e m p l v  l n r p e  d i f l e r e n c e s  t r x i s t  b e t h e p n  t h e" j  . "

r e s u l t s  o b t a i n e d  b ] ' t h e  c u r r e n t  m e t h o c j  a n d  o t h e r  p u h l i s h e d  r e s u l t s .  H o w e v e r ,  l e t  u s  f i r s t
d e v i d e  t h e  a s t e r o i d s  i n L o  t - w o  g r o u I J S ,  o n e  w i t h  a s t c r o j d s  h : r v i n g  h i g h  o r b i t a l  i n c l r n a t i o n s  ( 1
>  1 0 ' )  a n d  t h e  o t h e r ,  1 o w  i n c l i n a t i o n s  ( j  <  1 ( r ' )  a n , l  t h e n  m a k e  c o m p a r i s o n .  W e  w o u l d  f i n d
t h a t  t h e  c u r r e n t  m e t h o d  f i e l d s  v e r y  f a v o r a b l e  r e s u l t s  f o r  t h e  a s t e r o l d s  w i t h  h i g h
i n c l i n a t i o n s  w h e n  c o n ) p d r e d  u ' i t h  r h e  p u b l i s h e . d  r e s u l . L s .  ' l ' h e  

s m a 1 1  d e v i a t i o n s  i n  t h e  c u r r e n t
r e s u l t s  m a y  b e  c o n t r i i r u t c , l  t , ,  t h e  e x p r n s i o n  a p p r o x i m a l i o n  o f  t h e  c o l l i s l o n  v e l o c i t y  i n  t e r m s
o f  o r b i t a l  e c c e n t r i c i t v  u s e d  i n  t h e  c u r r e n t  m e t h o d .

O n  t h e  o t h e r  h a n d ,  e x t r e m e l v  l a r g c  d i f f e r c n c e s  i n  t h e  c o l l l s i o n  p r o b a b i l i t i e s  f o r  t h e
a s t e r o i d s  w i t h  l o w  i n c l i n a t i o n s  b c t w e e n  t h e  c u r r e n t  r e s u l t  a n d  o t h e r  p u b l i s h e d  r e s u l t s ,
n o t a b l y  t h a t  t r f  S t e c f  a n d  I 3 a g g a l c y ,  d o e s  n o t  c o m c  f r o m  e r r r o r s  i n  t h e  e c c e n t r i c i t y  e x p a n s t o n
a p p r o x i m a t i o n  u s e d  i n  t h c  c u r r c n l  m c t h o d .  R a L h c r ,  t h e  d i f f e r e n c e s  c o m e  f r o m  t h e  e x i s t i n g  o f
L h e  s i n g u l a r i t ) ' ( a t  t h e  I l a r t h  o r b i t a l  i n c l i r r a t i o n  o f  i  =  0 . 0 1 6 " )  i n  t h e  c o l l i s i o n
p r o b a b l l i t y  L n  e q u a L i o n  ( l )  c o n s i d e r e d  i n  t h e  c u r r e n t  n r e t : h o d  a n d  i n g o r e d  b y  S t e e l  a n d
B a g g a l e y  u s i n g  v n l u m e  a v e r a g i n g  r n e t h o c l .  t l n c l e r  s u r : h  c i r c u m s t a r n c e s ,  c o m p a r i s o n  o f  t h e  r e s u . l t s
i s  m e a n i n g l e s s .  ) , l e v e r l h c l c s s ,  w e  w o u l i i  l i k c  t o  c n p h ; r s i z e  t h e  e x j s t e n c t :  o f  t h e  s r n g u l a r i t j e s
i n  t h e  c o l l i c i r , n  p r t , l , a b i l i t y  i n t e g r a l  w h e n  t h e  ( i i s c r e t e  o r b i t a l  c l e m e n L s  a r e  u s e d .  T h c
s i n g u l a r i r i e s  c a n  h c  r c n o v e r i  b y  u s i n g  i i i s t r i l ; u t o r l  o r i r i t a l  e l e m e n t s  i n  t h e  p r o b a b i l i t y
i n L e g r a l  / 5 /  a n d  c a n  n o t  r c m o v e r l  i r y  u s i n g  d i s ( ' r c t - e  f i n i t e  v o l u n e  s u m m a t i o n  m e t h o d ,

A s  w a s  s t a t e d  i n  t h e  i ) . r g , j n n i n g ,  t l r c  c u r r - c n t  n c L h o d  i s  i n L e n r l e r i  t o  y i e l d  a  q u i c k  c s t i m a t e  o f
t h e  c o l l i s i o n  p r o b a b i l i t i e s  a m o n g  r n a n ] ' c o l l i d i n g  o b - j c c L s .  l ' i r e  c ' ) m i ) u t e r  t i m c  n e e d e r l  t o  o b t a i n
t h e  c o l l l s i o n  p r o b a b i l i t i c s  f o r  t h e  J 9  A t e n : r s t c r o j r l s  a n r l  t h e  l a a r t h  i n  T a b l e  2  i s  j u s t  a r
c o u p l e  o f  s e r : o n d s  i n  P ( l - 1 8 6  w i t h  1 1 0 1 1 8 7 .
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