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Abstract

It has been previously asserted by this author that the well-known weak orthogonal decompo-
sition of the Navier-Stokes equation into solenoidal and irrotational parts is also fundamental from
a physical point of view. It was asserted that incompressible flow is governed by a pressureless
integro-differential (momentum) equation, and the pressure by a complementary integro-differential
functional of the velocity field. These equations can be formally written in terms of solenoidal and
irrotational projection operators. In this view, the Navier-Stokes equation is merely the composition
of these two more fundamental equations.

As the representation of these projection operators is difficult to deal with directly, other methods
are desirable. In the weak formulation, projections are effected by the orthogonality of the solenoidal
and irrotational test spaces.

This paper revisits some known closed-form or “analytical” solutions of the Navier-Stokes equa-
tion, and using “projection by inspection,” shows how these satisfy the more-fundamental velocity
and pressure equations. Thus, adoption of the fundamental complementary equations in place of
the composite incompressible Navier-Stokes equations offers no additional mathematical burden to
the teaching of elementary fluid dynamics.

1 Introduction

For 150 years the Navier-Stokes equation has been accepted as the canonical governing equation for
incompressible flow. The notion of incompressible flow is of course an idealization, and is purported
to describe the flow of a hypothetical “incompressible fluid” and to be representative of the flow of
compressible fluids at velocities well below the velocity of propagation of pressure disturbances.

From the engineering literature, it is apparent that the nature of the Navier-Stokes equation is
not generally well-understood in the context of numerical computations. This is evident from the
frequently-repeated concept that “the pressure enforces incompressibility” in the flows.

While mathematicians since J. Leray [7] have understood the possibility and utility of orthogo-
nally decomposing the Navier-stokes equation into a pressureless governing equation for incompress-
ible flow and an equation for the pressure (gradient) as a functional of the velocity field, none seem
to have asserted the decomposition as fundamental from a physical point of view.

Consider the classical derivation of the equation of motion of an incompressible fluid from the
physical perspective. One considers the balance of momentum of the fluid in a small volume AV =
AxAyAz. By Newton’s second law, the change in momentum per unit time of the fluid in the
volume is equal to that transfered across the boundary plus the sum of the forces acting on the
enclosed fluid. It is argued that one of the forces results from a difference in force across opposite
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faces from a pressure difference on the faces. The difference in force per unit volume on the two
faces normal to the z-axis is claimed to be

(p2 — p1)AyAz Ap
_ =_=£ _ _vp. 1
AxAyAz Ax vp (1)

However, since pressure disturbances propagate at an infinite velocity in an incompressible medium,
a pressure differential across the volume would be instantly equilibrated. As a dynamic pressure
difference cannot exist for finite time, there can be no pressure gradient term in the equation of
motion for an incompressible fluid. Likewise, only the nonconservative body forces can affect the
change in momentum [3][4]. However, since functions of a solenoidal field might not be solenoidal,
the equation of momentum of an incompressible fluid is given formally by,

%UIWS(—U'VU-I—VVQU)—FfS, (2)

where 7° is an operator which projects out the solenoidal part of its operand.

The effective or complementary pressure is given as a function of the flow and any conservative
body forces by (an algebraic equation in time),

Vp =7'(—u- Vu 4 vV?u) + £ (3)

where the operator 7! projects out the irrotational part of its operand. These operators are given
formally by [1],

o =VAT'V., 2°=1-7, (4)

where the operator A™! (the inverse Laplacian) is the Green’s function for the Laplace equation on
the problem domain 2. The complementary pair of equations are then,
%u = 71%(—u- Vu+ vV?u) + 5,
(5)
Vp =7' (—u- Vu+vVviu) + ',

When these two equations are combined noting 7° +#! = 1, the result is the Navier-Stokes equation,

au:—u-Vu—l—uvgu—Vp—l—f. (6)
The Navier-Stokes equation seems mathematically simpler as it does not contain the projection
operators. It is, however, a differential algebraic equation (ADE), which poses problems of its own
when advancing the flow in time.
The equations above are indeterminate. For any given problem one must specify the problem
domain ) and the velocity on Dirichlet portions of the boundary. For steady, bounded problems

with flow-through portions of the boundary or domains bounded in all but one coordinate direction,
the flux,

qﬁ:/Su-ndS, (7)

through S must be specified or determined, where S is a disjoint flow-through boundary or the
intersection of the domain with a plane. This or equivalent data is necessary, but may not be
sufficient, for the solution to exist.

In two dimensions the integral is just the difference in stream function across such an aperture,
¢ = Av. In three dimensions the integral is equal to the of the tangential component of the vector
potential A around the aperture,

¢=?§A.Td7. (8)

Thus, specification of boundary conditions on the stream function or vector potential might be
equivalent to the specification of fluxes.
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2 Some Simple Examples

It is useful to revisit some known analytical solutions of incompressible flow in the context of this
formalism. The technique to be used here might be called “projection by inspection.” The standard
derivations in terms of the Navier-Stokes equation can be found in many introductory textbooks
(e.g. White[11], Pozrikidis[8]).

F. G. White [11] remarks that there are two types of exact solutions, linear solutions where the
convective acceleration u - Vu vanishes, and nonlinear solutions where this term does not vanish.
He also classifies solutions by type or geometry of flow involved: (1) Couette, (2) steady duct flows,
(3) unsteady duct flows, (4) flows with moving boundaries, (5) asymptotic suction flows, (6) wind-
driven Ekman flows, and (7) similarity solutions (rotating disk, stagnation flow, wedge flow). A
number of these cases are explored in examples to follow.

It is useful to recognize some nonconservative body forces. The first is associated with electro-
magnetically-pumped channel flow. The fluid is assumed to be electrically conducting (e.g. saltwater,
liquid mercury, or molten metal). The walls are electrically conducting and an electrical potential is
applied, resulting in an electrical current density j across the channel. This j can be related to the
electrical conductivity of the fluid and the voltage applied across the channel. A magnetic induction
field B is applied perpendicular to the plane of the channel. This results in a body force of magnitude
f% =|j x B| = jB along the channel. Joule heating effects are neglected.

A second force is associated with thermally-driven flow. While the density of an incompressible
fluid is independent of pressure, it is assumed to vary slightly with temperature as p = po(1+ 8(T —
Tpy), giving rise to a buoyant force in the vertical direction of magnitude f° = —g(p—po) = —gBAT,
where g is the gravitational acceleration and (3 is the volumetric thermal expansion coefficient.
When the variation of density in all other terms is neglected, this is referred to as the Boussinesque
approximation.

Driven Channel Flow. For the first example, consider the internal two-dimensional problem
domain bounded by y = +1, perhaps driven by a nonconservative force directed along the channel,
or with a consistent pressure gradient, and perhaps with specified flow ¢ = [ su-ndS, where S is
the intersection of the problem domain with a surface through the domain. The simplest steady
polynomial velocity function vanishing on the channel boundary is,

u { Vo(lo— y?) } 7 9)

with the corresponding stream function ¢ = Voy(1 — y?/3). This trial solution is associated with
fully-developed flow in a channel. By simple computation, we find the trivial decompositions,

% — { —a2vV)p } n { —(1—a)2vVy

: : } u-Vuz{H, (10)

where the first term on the right side of the diffusion is assumed to be solenoidal and the second
irrotational. The arbitrariness in the form of the diffusion term reflects the fact that it could derive
from a curl or a gradient, i.e. it could be solenoidal or irrotational. The choice will be determined
by the equations. Applying (5),

5 (—u- Vu+rvViu) = { —a2v¥o } =—f,

0
(11)

7 (—u-Vu+rvViu) = { - _(?‘)QVVO } =Vp.

If the pressure gradient Vp = 0 and ¢ is not specified, then & = 1 and 20Vp = f°. For
electromagnetically-pumped flow, the expression for the electromagnetic force |j x B] is substituted.
If ¢ and ¥ were specified and not Vp, this could lead to an additional pressure gradient.

If the nonconservative driving force f° = 0, requiring the residual of the momentum term to
vanish gives a = 0, from which dp/dxr = —2vV;. From this it is usual to assert that the magnitude
of the flow depends on (or is consistent with) the pressure gradient. In this case, the pressure gradient
derives from the residual of the diffusion term.

In light of the relation between the flow and the stream function and the fact that the equation
of fluid motion does not depend directly on the pressure field, the flow could more properly be
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expressed in terms of a boundary condition, the difference of the stream function values across the
channel, ¢ = A1). In this case Vp = %qﬁ. Clearly these two views are related by 0p/0x = —3v¢/2.

Gravity-driven Channel Flow. This example uses a conservative (gravitational) body force.
The flow domain is a two-dimensional channel between plane walls with nonslip boundary conditions.
The channel is inclined at an angle —3 with respect to the horizontal. The coordinate system is also
rotated through the angle —(. In this system, the walls are located at y = +1 and —oco < z < o0.
The complementary velocity-pressure equations for steady laminar flow are then,

0=7°(—u-Vu+vViu),

(12)
Vp=r'(—u-Vu+rvViu) —g,
where g, the gravitational acceleration, is the gradient of the gravitational potential.
The trial solution for the velocity is of the form,
.2
u:{v‘)(1 y)}. (13)
0
Then we write the decompositions,
quu:{_af)yvo}—l—{_(l_gépyvo}, u-Vu:{g}. (14)

where the first (constant) term in the convection is assumed to be solenoidal and the second irrota-
tional. Substituting into the complementary equations gives,

=[] 3],

0 0
. (15)
Vp = —1—a)2vVy | _ | gsing
0 gcosf |’
Requiring the residual in the velocity equation to vanish gives a = 0. Then
_ | —2vVh — gsing
Vp = { —gcosf (16)

Apart from an additional constant, the complementary pressure p is then,
p=(—2vVy —gsinfB)x — gy cos 3. (17)

This gives a relation between the parameter V; in terms of the problem data. Specifying Vo (or the
net flow) determines the unique solution.

Non-conservative forces (which appear to be absent in this problem) drive the flow, but conser-
vative forces can produce a similar effect by requiring that the flow be compatible with them. For
steady flow to be just that for infinite time, there must be some means to keep the implied upstream
reservoir supplying fluid full. This would require a nonconservative force (a pump), and this would
be the driving force at a global level.

Steady Thermally-driven Flow in an Infinite Vertical Channel. Consider a channel
parallel to the y-axis, bounded by two stationary infinite planes at © = +h. Let the temperature
of the right plane be T5 and the left Ti. As the steady flow is parallel to the planes, there is no
convective heat transfer across the channel. The heat transfer is conductive without sources so the
temperature distribution is T = Ty + AT /2h with the average temperature Ty = (11 + T3)/2.
The resulting y-component of the nonconservative body force in the Boussinesque approximation is
f° = —xgBAT/2h. We verify that the velocity is of the form

u= { A1 - xg//f)x/h } : (18)

From the convective and diffusive terms we have,

0
u-Vu=0, vViu = { 6v Az /h® } . (19)
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The diffusive term is regarded as solenoidal, so

ws(—u-Vu+uv2u+fs):{ 0 }—{ 0 }:0,

6vAx/h? gBATx/2h
/ / (20)
m(—u-Vu+rViu) = { 8 } = Vp.
The requirement that the residual of the first term vanish gives
gBR*AT
A=F——7.
12v (21)

Boundary-driven Channel Flow. Consider steady two-dimensional incompressible flow through
an infinite channel bounded by parallel walls separated a distance h. Let the walls be translating
with velocities u = Uy at y = 0 and uw = Uz at y = h. As this flow is translationally invariant, the
velocity is parallel to the z-axis and is a function of y only. A polynomial trial function satisfying
the no-slip boundary conditions is given by,

L { Uly/h+Uz(1—y/é1)+vy/h(1—y/h) } (22)

The first two terms constitute Couette flow and the third Poiseulle flow. Evaluating the diffusion
and convection terms gives,

vVu = { O‘(Q”g/hg) } + { (1 _O‘)(OQW/hQ) } ., u-Vu=0. (23)

The first term in the (constant) diffusion is assumed to be the solenoidal part and the second the
irrotational part. Substitution into the complementary v — p equations gives,

0= { a(QVg/hQ) } 7
Vp = { (1- Oé)(OQW/hQ) } . (24)

Requiring the residual in the (first) velocity term to vanish gives o = 0 and % = 2vy/h?. Specifi-
cation of a pressure gradient or a net flow gives a unique solution.

Circular Couette Flow. We consider steady laminar viscous flow between two rotating cylin-
ders. Let the inner cylinder radius and angular velocity be R; and €21, and the outer cylinder radius
and angular velocity be Rz and 2, respectively. Assuming the flow to be rotationally invariant, it
is a function of the radius r only. Assuming the flow to be steady, the radial component of the flow
must vanish. Using polar coordinates,the flow must then be of the form,

ur = 0, ug = ar +br . (25)
Applying the no-slip boundary conditions, we evaluate the parameters above to be,

QQ—Och QQ—Ql
a=——"""1 p=_2"""1
11—«

1-—a ’ (26)

where o = R /R3. Evaluating the convection and diffusion terms and projecting into solenoidal and
a rotational parts respectively, we find,

=12
vViu =0, u-Vu:{O}—l—{ roug}. (27)

Substitution into the complementary equations gives,

0
=[5 ]

12
Vp:{ 0 9}.
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Thus,
QQ - Och QQ - Ql —1
r— T,
11—« 11—« (29)
Op/or = —r~ug, Op/00 = 0.
The third equation is easily integrated to find the explicit form for the pressure. In this problem the
pressure derives from the momentum term.

ur =0, Uy =

3 Parallel Oscillating Flow

These problems involve periodic laminar motion of a viscous incompressible fluid, parallel to an
infinite bounding plane or planes. The boundaries may be in periodic motion or the fluid may be
subject to a periodic body force. This tends to generate a virtual transverse wave near the boundary.
As a fluid cannot support a propagating transverse wave, this wave is exponentially damped, forming
a boundary layer. As the flow velocity is a function of the distance from the boundary only, the
convection term u - Vu vanishes.

A Simple Example. Consider a fluid filling the entire plane moving with velocity

(30)

[ UsinQt
- 0

under the influence of nonconservative body force f° or perhaps a pressure gradient Vp. Then

du { aQU cos Qt } N { (1— )QU cos Qt } 7 (31)

a 0 0
where the first term is assumed to be solenoidal and the second irrotational and « is a parameter

to be determined. This form is used because the term cannot be determined to be solenoidal or
irrotational by inspection in isolation. We then write,

—aQU cosQt + £°
0

0:-%—?-1—# (— u-Vu+uV2u)+fS=

(1 — a)QU cos Q)

Vp =7 (—u-Vu+vViu= [ 0

There are then two cases. Taking a = 1, Vp = 0, and the nonconservative force £° = QU cos Qt.
Taking o = 0, f° = 0 and Vp = QU cos Qt.

Semi-infinite Flow Above an Oscillating Plane. Consider the laminar viscous flow gener-
ated by an infinite flat plate oscillating in its plane along the z-axis. Let the velocity of this plane be
given by U cosQt. As the flow is invariant under translation along the z-axis, the flow is parallel to
the z-axis and is a function of the y-coordinate only. The fluid is assumed to be at rest at y = +o0
with no slippage at the plane, where u(y = 0,t) = U cosQt. This generates flow transverse to the
normal of the plane. As a transverse wave cannot propagate in a fluid, this motion at the plane is
damped and rapidly decays to zero at +o00. This suggests a trial solution of the form

u— { Uexp(—ﬁy)gOS(Qt— ky) } . (33)

Then,

0 0

{ —USQexp(—PBy) sin(Q — ky) } N { 0 } .
{ —vU exp(—By){(8% — k?) cos(U — ky) — 2Bk sin(Qt — ky)} } N { 8 } s
0,

0
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where, by inspection, the first term in each expression is solenoidal and the second is irrotational.
Consequently,

du —UQexp(—Py) sin(Qt — ky)

=71%(—u-Vu+vV3u) =

at 0
| U exp(—By){(8* — k?) cos(Qt — ky) — 2Bk sin(Qt — ky)}
= 0 ,
Vp=7'(—u-Vu+vV3u) =0.
(35)
For the first relation to hold, 5% = k%, 2vB8k =Q and =k = (Q/QV)%, S0
u— { U exp(—(Q/2v) 2 y) cos(Qt — (Q/2v) 2y)
0 ’ (36)

p = constant .

The non-propagating wave is bound to the generating surface in a layer with thickness ~ (2v/ Q)%.

Semi-infinite Oscillating Flow Above a Stationary Plane. This problem assumes a viscous
fluid in the domain above a stationary plane. The fluid is oscillating parallel to the plane in response
to a driving force, which may be an oscillating pressure gradient or a nonconservative body force.

Now consider the semi-infinite domain above a stationary plane with normal in the y-direction.
This problem is complementary to the preceding one, and we will confirm that the velocity is given

by
" U(cos(2t) — exp(gﬁy) cos(Qt — ky)) . (37)
with a nonconservative body force is given by,
£% = R Asin Q. (38)

Then the decomposition of the diffusion and convection terms is,

du { —UQ(sin Qt — exp(—By) sin(Qt — ky)) } N { 0 } _

ot 0 0
v | U exp(=By){(5° = ) cos(2t  ky) = 29 sin(2 — ky)} J+[0]. @
u-Vu=0,

with decomposition by inspection, where the first term in the diffusion is solenoidal and the second
is irrotational. Consequently,

du
ot

—UQ(sin(Qt) — exp(—PBy) sin(Qt — ky))

=7m%(—u-Vu+vViu) = 0

0

—wU exp(—By){ (8% — k?) cos(Ut — ky) — 2Bksin(Qt — ky)} + Asin(Qt) ] (40)

Vp=r'(—u-Vu+vViu)=0.

For the first relation to hold, 3% = k*, 2vfk = Q and 8 =k = (Q/Qu)% and U = A/Q, so

u— { A/Q(cos(Qt — (Q/20) T y) exp(—(/20) By) cos(Q — (Q/20)2y)) }
O b

(41)

p = constant .

The velocity is the standard result quoted for this problem, but the pressure is quite different.
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Oscillatory Poiseulle Flow. Consider the flow in a channel with straight sides at y = +h/2
due to an oscillatory pressure gradient of the form AsinQt¢. The flow is expected to be parallel to
and vanishing on the boundary. We verify the solution is the real part of the form,

W A i (| cosh[(ziw/v)E (y — h/2)]
Q (1 cosh[(—iw/v) 2 h/2] ) (42)

The convection term u - Vu vanishes, and the remaining terms in the complementary equations are

the real parts of,
vV = jAe M (cosh[(—iw/u) : (yl — /2] ) (43)
cosh[(—iw/v)2h/2]

and
. Lo
O _ psint +iae—i | coshlziw/v)®(y = h/2)] (44)
ot cosh[(—iw/v)2h/2]
Then,
ou —|—7rs(—u-Vu—|—VV2u) = adsin Qt =0,
ot 0
1 AsinQ (45)
7rI(—u~Vu—|—VV2u): |: ( _OC)O sin (2t :| :vp

We require that the residual of the velocity equation vanish yielding o« = 0. Then the pressure
gradient is of the form required.

Transient Translation of a Plane. Consider the semi-infinite flow of an initially stationary
fluid above a flat plate. The plate is suddenly set in motion with the constant velocity U, so the
flow is parallel to the plane. We solve the equations (5)with the initial condition u(y,t = 0) = 0 and
boundary conditions u(y = 0,¢t > 0) = U and u(y = oo, t) = 0.

We expect the solution will be proportional to U, so we write u = UF(y,t,v), where F is
dimensionless. As there are no external length or time scales, we look for a solution in terms of a
dimensionless variable n = y/ (Vt)%. The boundary conditions on F are F'(0) = 1 and F(c0) = 0.
Then,

OF _ OF oy

ot onot’

2 — N 0 OF (46)
Vvu_yU@y@y@n’
u-Vu=0.

where the terms are solenoidal. From (5) it follows that,

BnB_F_V(8n>2 o OF

ot an ~ “\dy) oanan (47)
Vp = 0.
Then,
Integrating once gives,
?9—1; = C’le_"2/4 + Cs. (49)
Integrating again,
9 2
Fo1- ﬁ/o e P dz = 1 — erf(y/2), (50)

where we have applied the boundary conditions on F', and of course the pressure is constant and
may be taken to be zero. This represents a boundary layer which grows with a velocity (v/4t).
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4 Further Examples

Most of the preceeding examples have involved flows where the convection term vanished. That is
not the case with the following examples. Some lie in R? and have no non-slip surface boundaries.
They are useful to code developers for testing their codes against analytical solutions.

Flow in a Corner Due to a Point Source. Consider the steady two-dimensional laminar
flow between two semi-infinite planes intersecting at an angle 2o, with a point source or sink at the
intersection. This is a representation of the local flow in a converging or diverging channel. This
problem was considered independently by Jeffery[5] and Hamel[2].

We introduce plane polar coordinates, with the origin at the intersection. We assume the flow
is unidirectional in the radial direction, so u¢ = 0. As the flow must conserve mass, we assume a
radial velocity of the form,

ur = Ar~ ' F(n), (51)

where n = 6/a. Assume F is dimensionless, so A is related to the flow rate. The no-slip boundary
condition at the planes requires F'(+1) = 0. We assume F is normalized as F'(0) = 1 , and we have
F'(0) = 0 by symmetry. Computing the convection and diffusion terms,

2, —3 2
—u~Vu:{Ar F }7

0

52
VAOC_QT’_sF//—|—4VAT’_3F:|+|: —4vAr—3F } (52)

20 —
vViu = { 0 wAa 3 F
A term 4vAr—3F has been added and subtracted to the first component of the diffusion term, so
that the second part is irrotational (a term vAa~2?r~3a could be added (and subtracted) for an
additional pressure-driving force). Then from (5),

1" 2 2 —1p72
WS(—u-Vu—l—uvzu):qufgr—s{ F'+4a’F + Ad’v™F } =0,

0
(53)
I 2 —2r3F _
m(—u-Vu+vViu) = 20A 1 3. | =20AV(r~°F) =Vp,
a ‘r°F
The pressure equation is integrated to give (within a constant),
p(r,0) = 20Ar > F(cos 0). (54)
The velocity equation is made solenoidal by requiring the residual to vanish, giving,
F" +40*F + aReF* =0, (55)

where we have introduced the Reynolds number Re = aA/v. This can be recognized as a special
case of the Jeffery-Hamel equation. When Re = 0, this can be integrated. Imposing boundary
conditions gives,

_ A cos260 — cos 2a

r 56
r 1—cos2«a (56)
For the general case, multiplying by F' gives,
L(F?Y +202(F?) + LaRe(F?) = 0. (57)
Integrating and introducing an integration constant ¢ and solving for F’ gives,
F'=+(1 - F)"?[2aReF(1+ F) + 4a°F + ¢*]'/2, (58)

where c is related to the shear stress at the walls. The final integration involves elliptic functions.
The flow exhibits a variety of features at high Reynolds number, including a reversal of flow at the
walls. References to this can be found in [8].

Kovasznay Flow. In this example, the problem domain is R?, with the boundary condition
u=0at (0,y:), ys = 0,£1,+2,... . The stream function for the tentative solution is ) = y —
(2m)~'e* sin(2my), with velocity components,

A

u=1-e""cos(2my), v = \/(2m)e” sin(2my). (59)
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This solution, first proposed by L.I.G. Kovasznay [6] and known as Kovasnay flow, is identified with
steady incompressible laminar flow behind a grid. A simple calculation gives,

_ — e cos(2my) Ae?e
u-Vu= { A2 /(2m)e® sin(2my) + 0 ’

(42 — A%)e® cos(2my) }
—\/(27)(47% — A%)e® sin(27y)

vViu = { o

The first term of the convection is solenoidal and the second irrotational, while the diffusion term is
purely solenoidal. Applying (5),

207

5 (—u- Vu+vV2u) = (A — v(dr® — \?)) { e cos(2my) }

—\/(2m)e sin(2my) (61)

2z
(—u- Vu+vViu) = { _>‘8 } =Vp,

The requirement that the residual of the momentum term vanish leads to the condition A = Re/2 F
v/ Re? /4 + 4w2, where the solution with the upper (minus) sign is bounded (and vanishes) at z =
+00, while with the lower (minus) sign it is bounded at £ = —oo. In this expression we have made
the replacement Re = 1/v.

The pressure gradient derives from the irrotational residual of the convection term. With the
boundary condition p(0,y) = 0 the pressure is given by p = (1 — e ),

Taylor Vortex. This example involves a family of stream functions which are eigenfunc-
tions of the Laplacian, VZ¥mn = —Amntmn, with time dependence entering in a product form
Vmn (T, y) fmn(t). They can be restricted to the finite domain by requiring that ¥, be periodic.
This example was originated by G. I. Taylor [9] and extended by O. Walsh [10].

Take ¢ = —7m~ * cos mx cos my exp(—Ft). Then,

we P cos T sinTy | (62)
o —sinmx cosmy |
By direct calculation,
vViu = —272pe P { C.OS TESIMTY —2n%vu,
—sin7mr cosmy |
UV — —qe-20t | COSTT sinx (63)
cosmy sinwy |’
ou
< _Bu
ot h

It is further seen by simple computation that the diffusion term is solenoidal and the convection
term is irrotational. Substituting into the complementary velocity-pressure equations,

8 =22y,

Vp = me20t { cos mx sinwx } (64)

cos Ty sin Ty

= 1e7?P'V(sin® mz + sin® 7y).
With 8 = 272v and choosing the pressure constant to be zero, it follows that

- 6_27\-2t cos Tx sin my
—sin7x cosmy |’ (65)

p= %6_4"2”t(sin2 7x + sin? 7y).
See Gresho [1] and references therein for examples of studies of spacial accuracy of several finite
elements and temporal accuracy and efficiency of several time integration methods.
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5 Summary

While not exhaustive, the selection of problems presented here is sufficiently comprehensive to illus-
trate that the complementary pair of orthogonal velocity and pressure equations can be used in an
introduction to fluid dynamics. The “projection by inspection” avoids the mathematical complexity
of the explicit integro-differential equations as well as the abstractions of the weak formulation.

Apart from rederiving/verifying standard results, the method can clearly delineate the features
of the incompressible flow which evoke the complementary pressure.

While this approach is a departure from practices of the past 150 years, it reflects the correct
physics and mathematics of this idealized flow.
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