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Abstract. The bifurcations of control systems with a single input are studied. Based on the
normal forms of control systems, the equilibrium sets are classified. A set of quadratic invariants for
control systems is found. Sufficient conditions for a system to be linearly controllable or stabilizable
near a bifurcation point are given in terms of the quadratic invariants.
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1. Introduction. Bifurcation theory studies the changes in qualitative struc-
ture of the flow of a dynamic system as parameters are varied. Local bifurcation
theory focuses on the stability of the bifurcating solution [6], [15]. In this paper,
some bifurcation problems for control systems are addressed. Given a control system
with parameters and control inputs, the location of the equilibrium points depends
on the values of the parameters and control inputs. The set of equilibrium points is
not necessarily a smooth manifold in the state and parameter space. Furthermore,
the fundamental properties such as stabilizability and controllability change as the
equilibrium point is varied. Understanding the change of these properties is impor-
tant in feedback design. For instance, a bifurcation occurs in the system of axial
flow compressor (see [13]). On one branch of the equilibria, the system is linearly
controllable. On the other branch, the system is not stabilizable on one side of the
bifurcation point. In fact, feedback is found to achieve the desired stability pattern on
the controllable branch [12], [11]. The information about controllability and stabiliz-
ability along a set of equilibrium points is also helpful when gain scheduling methods
are applied to a nonlinear system. In this paper, local bifurcations of equilibrium sets
are classified based on the normal forms of control systems. The controllability and
stabilizability at points in the equilibrium set depend on the values of the quadratic
invariants. Recent research shows that the bifurcation in the Moore and Greitzer
model of the axial flow compressor is equivalent to the two branch bifurcation given
in Theorems 3.2 and 4.2.

The behavior of any Hopf bifurcation can be reduced to a few different cases. This
is possible because a nonlinear dynamic system can be transformed into a simplified
normal form based on Poincaré’s theory. Since the bifurcation phenomenon is invari-
ant under change of coordinates, one can study the bifurcation of dynamic systems
by focusing on their normal forms. This idea simplifies the problem. An affine control
system consists of two vector fields (the drift vector and the control vector). To study
the bifurcations of control systems, it is necessary to find normal forms in which both
vectors are simplified. For linear systems, a normal form is the controller form. In
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